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We investigate the evolution problem
   12  2u  u m A u Au 0,Ž .H
u 0  u , u 0  u ,Ž . Ž .0 1
where H is a Hilbert space, A is a self-adjoint non-negative operator on H with
Ž . Ž . pdomain D A ,  0 is a parameter, and m r  r with p 1. We prove that
this problem has a unique global solution for positive times, provided that the
Ž . Ž  i2 . Ž Ž i1 .2 .initial data u , u D A D A satisfy a suitable smallness as-0 1
Ž  12  2 . Ž isumption and the non-degeneracy condition m A u  0 where p 2H0
i .and   2  1 . Moreover, we prove for this solution decay with a polynomiali
rate as t. These results apply to degenerate hyperbolic PDEs with non-local
non-linearities.  2000 Academic Press
Key Words: hyperbolic equations; degenerate hyperbolic equations; dissipative
equations; global existence; Kirchhoff equations; asymptotic behavior.
1. INTRODUCTION
 Let H be a real Hilbert space, with norm  and scalar productH
² : ,  . Let A be a self-adjoint linear non-negative operator on H withH
Ž . Ž ² : Ž ..dense domain D A i.e., Au, u  0 for all uD A . Let us considerH
the Cauchy problem
2  12u t  u t m A u t Au t  0, t 0,Ž . Ž . Ž . Ž .ž /H 1.1Ž .
u 0  u , u 0  u ,Ž . Ž .0 1
   where  0 and m: 0, 0, is a continuous function.
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Ž .Problem 1.1 is an abstract setting of the initial-boundary value problem
for the equation
  2  u  u m u dx u 0, in  0, , 1.2Ž .Ht t t ž /

n Ž .where 	 is a not necessarily bounded open set. This last equation
 
was introduced in the case n 1 by Kirchhoff 9 as a model for the small
transversal vibrations of an elastic string with fixed endpoints.
Ž . Ž .The equations 1.1  1.2 have long been studied under various condi-
tions on the function m and on the regularity of the initial data: the
interested reader can find appropriate references in the surveys of Arosio
 
  
  
1 , Spagnolo 15 , and Medeiros et al. 10 .
In this context we will recall only some results on the existence of global
solutions.
 
When the initial data are A-analytic, Arosio and Spagnolo 2 and later
 
 Ž .D’Ancona and Spagnolo 3 proved that 1.1 has a global solution if
m,  0.
In the case of regular small initial data, but not analytic, D’Ancona and
 
 Ž . nSpagnolo 4 showed that 1.2 has a unique global solution if  , m
Ž . Žis locally Lipschitz continuous,  0, and m r  	 0, 
 r 0. See also
 
  
 .Greenberg and Hu 8 for the one-dimensional case and Yamazaki 16 .
Ž . Ž . Ž . Ž 12 .Now let us consider 1.1 with  0 and u , u D A D A0 1
small initial data; and let us assume m to be locally Lipschitz continuous.
Ž Ž . .In the non-degenerate case i.e., m r  	 0 for all r 0 , when A is
 
a coercive operator, De Brito, Yamada, and Nishihara 5, 6, 11, 14 proved
Ž .that there exists a unique global solution such that u, u decays with an
Ž 12 .exponential rate as t in D A H. The same result, with a
polynomial decay of the solution, was afterwards obtained by Nishihara
 
 Ž .  Ž .and Yamada 12 if m r  r  1 and u  0. When A is only a0
 
 Ž .non-negative operator in 7 it was proved that if m r  0 for all r 0
Ž  12  2 .and m A u  0 then there exists a global solution and such aH0
Ž . Ž  12  2 .solution has a limit u in D A as t such that m A u  0.H 
At this point it seems natural to wonder what would happen if m were
Ž .only a continuous function and not Lipschitz continuous on the points s
Ž . Ž  12  2 .such that m s  0, always assuming that m A u  0.H0
The purpose of this paper is to provide a partial answer to this question
Ž . p Ž . 12in the case when m r  r 0 p 1 and A u  0.0
Let us give at this point some notation. Let us set for i, n,
B A12 ,   2 i 1, a  2 21n ,   2ni 1.i n n
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Moreover, let us define
 n    i1 B u B uH H1 1  i c max , E 0   B u ,Ž . H 1 02 pa 2 2 pin   0ni Bu BuH H0 0
and let us consider the sequences R , L , defined byn n
R  5R  2c , R  5 E 0  2c ,Ž .' ''n n1 1  1i
2 2
L  c R , L  c E 0 .Ž .'n n 0  1i 
We shall prove the following result:
Ž . p Ž .THEOREM 1.1. Let us assume  0 and m r  r 0 p 1 , and let
i Ž . Ž  i. Ž  i1 .i such that p 2 . Let us assume that u , u D B D B ,0 1
with Bu  0 and0
p2i2 u H1 2 2  Bu R L  . 1.3Ž .H0 i i2 pž / 2 p 1 Bu H0
Ž .  Ž . Then there exists a unique global solution u of 1.1 such that Bu t  0H
for all t 0 and
2    i2 1    i1u C 0, ; D B  C 0, ; D BŽ . Ž .Ž . Ž .
0    i C 0, ; D B .Ž .Ž .
Remark 1.2. Since R depends with continuity on R and c, and sincei 1
R  0 if R  c 0, then if R and c are small this is also true for Ri 1 1 i
Ž . Ž .and hence for L . Hence there exist initial data verifying 1.3 .i
Remark 1.3. Theorem 1.1 can be restated also as follows.
Ž . p Ž .Let us assume that m r  r 0 p 1 and let i such that
i Ž . Ž  i. Ž  i1 .p 2 . Let us assume that u , u D B D B , with Bu  0.0 1 0
Ž .Then there exists   0, such that for all   , 1.1 has a unique global0 0
 Ž . solution u, with Bu t  0 for all t 0 andH
2    i2 1    i1u C 0, ; D B  C 0, ; D BŽ . Ž .Ž . Ž .
0    i C 0, ; D B .Ž .Ž .
Indeed, it is enough to observe that
'5 25 8c
R max R ,  S ,i 1 ½ 52
Ž .hence R  0 when , and L  c 2 S .i i 
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Moreover, we are able to obtain the following result on the asymptotic
Ž .behavior of the solutions of 1.1 .
THEOREM 1.4. Let us assume that all of the conditions of Theorem 1.1
are satisfied. Then,
cp , 02 2 p2   u  Bu  , 1.4Ž .H H 1 t
   2Bu cH p , 22  B u  
 0, 1.5Ž .H2 p Ž .2 p1  Bu 1 tŽ .H
for some constants c depending only on p,  , and the initial data.p, 
This last result can be improved in the case in which A is a coercive
Ž ² 2 :   2 .operator i.e., B u, u  c u for some constant c 0 as follows.H H
THEOREM 1.5. Let us assume that all the conditions of Theorem 1.1 are
satisfied, and let us suppose that A is a coercie operator. Then,
   2c Bu cHp , 0 p , 2 2 p2 2 2     u  Bu  ,  B u H H HŽ . 2 p 1pp1 p  Bu 1 t1 t Ž .Ž . H

 0,
for some constants c depending only on p,  , and the initial data.p, 
Remark 1.6. By using Theorems 1.4 and 1.5 and Lemma 2.2 it is
 k  possible to obtain also some estimate on the asymptotic decay of B u H
 k1 and B u for 0 k   1.H i
2. PROOFS
Let us enunciate, first of all, a result of the existence of local solutions
Ž .for 1.1 ; the proof of this theorem can be obtained by a simple adaptation
 
of the proof of Theorem 2.1 in 7 .
Ž . Ž . p ŽTHEOREM 2.1 Local Existence . Let us assume  0, m r  r 0
. Ž . Ž  i. Ž  i1 .   2 pp 1 , and u , u D B D B with Bu  0.H0 1 0
Ž .Then there exists T 0 such that the problem 1.1 has a unique solution u
 Ž .   with Bu t  0 in 0, T andH
2    i2 1    i1u C 0, T ; D B  C 0, T ; D BŽ . Ž .Ž . Ž .
0    i C 0, T ; D B .Ž .Ž .
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Moreoer, u can be uniquely continued to a maximal solution defined in an
 interal 0, T	 , and at least one of the following statements is alid:
Ž .i T	;
Ž .  Ž .  2  2 Ž .  2ii lim sup Bu t  B u t ;tT	
Ž .  Ž .  2 piii lim inf Bu t  0.HtT	
Now we can prove Theorem 1.1.
 Step 1. Let 0, T	 be the maximal interval where the solution exists.
Let us set
2 p
c t  Bu tŽ . Ž . H
and
c t pŽ .   
T sup  0, T	 :  , c t  0 
 t 0,  .Ž .½ 5c t 2 p 1Ž .
 Let us now consider for t 0, T the functions
2kB u tŽ . 2H 1kE t   B u t , k 0, . . . ,   1.Ž . Ž . Hk ic tŽ .
Since
2 k1 c t  B u tŽ . Ž .2 H kE t  2 B u t  ,Ž . Ž . Hk ž /c t c t c tŽ . Ž . Ž .
hence
 E t  E 0 t 0, T , k 0, . . . ,   1. 2.1Ž . Ž . Ž .k k i
 Moreover, for t 0, T we have
0 c 0 e t2 c t  c 0 e t2 . 2.2Ž . Ž . Ž . Ž .
Our purpose is to prove that T T	. Indeed, in this case we have
Ž .  Ž . a global solution, and by 2.2 Bu t  0 for all t 0, hence thisH
solution is also unique.
Ž . Ž .Now let us assume that T T	; then by 2.2 and 2.1 , State-
ments ii and iii of Theorem 2.1, respectively, are false, and this contradicts
Theorem 2.1.
Then we must only prove that T T	.
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Ž .Step 2 Proof of T T	 . Let us assume by contradiction that T T	.
Ž .Hence by 2.2 and by the maximality of T we have that necessarily
c T pŽ .
 . 2.3Ž .
c T 2 p 1Ž .
Before continuing, let us introduce some notation. For n 0 we define
L  E 0 n 0Ž .'0  1ih    2, H n n n ½ R  L n 1.n n
We can now enunciate a lemma, the proof of which we put off for later.
LEMMA 2.2. For 0 t T we hae
 nB u tŽ . H
1  L for 0 n i ;Ž . n na 2nc t Bu tŽ . Ž . H
 nB u tŽ . H
2 H for 0 n i ;Ž . n na 2nc t Bu tŽ . Ž . H
hnB u tŽ . H
3  R for 1 n i .Ž . n na 2nBu tŽ . H
Since   0 and h  2, by Lemma 2.2 we deduce for 0 t T ;i i
 2 2u t B u t u t B u tŽ . Ž . Ž . Ž .H H H H  L R .1 i i i2 pa 2 a 22 p22 i iBu t Bu tŽ . Ž .Bu tŽ . H HH
Therefore, as p 2i, we obtain
  2² :c T u T , B u TŽ . Ž . Ž . H 2 p 2c TŽ . Bu TŽ . H
1 i2 p2 2 p Bu T L RŽ . i i
 pip2 2 pE 0 L R  .Ž .0 i i 2 p 1
Ž .This last inequality contradicts 2.3 .
After all that we provide a proof of Lemma 2.2.
Ž .Step 3 Proof of Lemma 2.2 . We shall proceed by finite induction on
Ž . Ž . Ž .n. First of all, we show that 1 , 2 , and 3 are true.0 0 1
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Ž . Ž .   0 Ž .  2 2Ž .1 Let us consider the function G t  B u t c t . WeH0  0
have
c t 2Ž .
   20 0² :G t 2  G t  B u t , B u tŽ . Ž . Ž . Ž .  H0 0ž /c t c tŽ . Ž .
G t  2 G t E t .Ž . Ž . Ž .' '   10 0 i
Ž .Hence, by 2.1 , using a classical ODE lemma,
 0 0B u t B u 2Ž . H 1 Hmax , E 0  L .Ž .'  1 0i½ 5c t c 0 Ž . Ž .
Ž . Ž . Ž . Ž .2 By the equation in 1.1 , 2.1 , and 1 , we obtain0 0
  0 0B u t B u tŽ . Ž .H H 20 B u t    E 0  L H .Ž . Ž .'H  1 0 0ic t c tŽ . Ž .
Ž . Ž .3 Taking the scalar product of the equation in 1.1 with1
2 h12 Ž . Ž .  Ž .  a1B u t c t Bu t , we getH
2 2 h 3 h 2 h 31 1 1² : ² :B u t , Bu t B u t B u t , Bu tŽ . Ž . Ž . Ž . Ž .HH H    0.a a a1 1 1c t Bu t Bu t c t Bu tŽ . Ž . Ž . Ž . Ž .H H H
Ž . Ž .Moreover, 2h  3  and a  1, hence using 1 and 2 we have1 0 1 0 0
2h1B u tŽ . H 2H  L  2c 5 E 0  R .Ž .'a 0 0  1 11 iBu tŽ . H
Ž . Ž . Ž .Let us now assume that 1 , 2 , and 3 are verified, andn n n1
 Ž . Ž . Ž .if n 2 i let us prove that 1 , 2 , and 3 are true;n1 n1 n2
 Ž . Ž .if n 1 i let us prove that 1 and 2 are true.n1 n1
Ž .1 Let us setn1
2 n1B u tŽ . H
G t  .Ž . a n 1n1 2c t Bu tŽ . Ž . H
Then we have
hn 1p B u tŽ . HG t 2 1 G t  2 G tŽ . Ž . Ž .'   a 2n 1 n1 n1ž / n 12 p 1 Bu tŽ . H
² 2  :B u t , u tŽ . Ž . H a G t .Ž .n1 2 n 1Bu tŽ . H
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Since
² 2  : B u t , u t c tŽ . Ž . Ž .H  ,2 2 pc tŽ .Bu tŽ . H
Ž .using 3 we deducen1
2 p an1G t  2  G t  2 G t RŽ . Ž . Ž .'   n1n 1 n1 n1ž /2 p 1 2 2 p 1Ž .
G t  2 G t R .Ž . Ž .'  n1n 1 n1
Hence
 n 1 n1B u t B u 2Ž . H 1 Hmax , R  L .n1 n1a 2 a 2½ 5n 1 n1 8 c 0 BuŽ .c t Bu tŽ . Ž . 0 HH
Ž . Ž . Ž . Ž .2 By the equation in 1.1 , using 1 and 3 we getn1 n1 n1
  h n 1 n1 n1B u t B u t B u tŽ . Ž . Ž .H H H  a 2 a 2 a 2n 1 n1 n1c t Bu t Bu t c t Bu tŽ . Ž . Ž . Ž . Ž .H H H
 R  L H .n1 n1 n1
Ž .3 If n 2 i 1 we stop; otherwise, taking the scalar productn2
Ž . 2 hn 22 Ž . Ž .  Ž .  an 2of the equation in 1.1 with B u t c t Bu t , we getH
22 h 3 hn 2 n2² :B u t , Bu t B u tŽ . Ž . Ž . HH a an 2 n2c t Bu t Bu tŽ . Ž . Ž .H H
² 2 hn 23  :B u t , Bu tŽ . Ž . H   0.an 2c t Bu tŽ . Ž . H
Ž . Ž .Since a  a 2 1 and 2h  3  , using 1 and 2n2 n1 n2 n1 n1 n1
we obtain
2hn 2B u tŽ . H 2H  L  2c 5R  R .a n1 n1 n1 n2n 2Bu tŽ . H
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Now we prove Theorem 1.4.
We use the same notation as in Theorem 1.1.
It is enough to prove the theorem for t t  4 1.1
Ž .For the inequality 1.4 we have to show that
Ž .2 p1Bu tŽ . H2E t  u t  1 t   
 t t . 2.4Ž . Ž . Ž . Ž .H 1 1ž /p 1
To show this let us first recall that, by taking the scalar product of the
Ž .equation 1.1 and u, we obtain

 2 2 22 p ² :      u , u  u  u  Bu  0,H Hž /2
hence

 22    ² :E t  u 1 t  u t , u t  u t .Ž . Ž . Ž . Ž . Ž .H Hž /2
Therefore, for all t t ,1
2 u tŽ . H2² :E t  E t  u t , u t  u t Ž . Ž . Ž . Ž . Ž .1 1 1 1H 2 2
1
H  E t ,Ž .1 8
Ž .where, by 2.1 , H depends only on the initial data. We have then the1
required inequality by taking   8 H 7.1 1
Ž .Now we have to prove the inequality 1.5 .
Ž . Ž .  2 Ž .By taking the scalar product of the equation 1.1 and 1 t B uc t ,
we get
² :Bu , Bu H 22 p  Bu 1 tŽ .Hž /ž /c t 2 2 pŽ .
   2  ²  :Bu c t Bu , BuŽ .H H  22   1 t  B u 1 tŽ . Ž .Hž /c t c t c tŽ . Ž . Ž .
²  :Bu , Bu H1 22 p   1 t  Bu  0.Ž . Hž /c t 2 2 pŽ .
GLOBAL SOLUTIONS FOR KIRCHHOFF STRINGS 95
Ž . Ž .²  :Then, integrating over t , t and taking into account c t Bu , Bu  0,H1
we obtain
t 2 2B u s 1 s dsŽ . Ž .H H
t1
Bu t Bu tŽ . Ž .H H  1 tŽ .
c tŽ .
2Bu sŽ .t H  1 s dsŽ .H c sŽ .t1
1  22 p   Bu t 1 tŽ . Ž .Hž /2 2 p 1 tŽ .
 t 22 p1 1 s Bu s ds Ž . Ž .H H2 2 p t1
2Bu tŽ . H   1 tŽ .
c tŽ .
4  1 22 p    Bu t 1 tŽ . Ž .Hž /8 8 p 4
 t 22 p1 1 s Bu s dsŽ . Ž .H H2 2 p t1
2Bu sŽ .t H  1 s ds 2.5Ž . Ž .H c sŽ .t1
Ž .where, by 2.1 ,  depends only on the initial data.
ŽŽ . Ž .. Ž .If we now choose  1 p  1 p   with  0, by 2.4 we get
 Ž1p.Ž1p.t 122 p11 s Bu s ds ,Ž . Ž .H H
t1
hence
2Bu tŽ .t 2 H 2B u s 1 s ds 1 tŽ . Ž . Ž .H H
c tŽ .t1
2Bu sŽ .t H  1 s ds  , 2.6Ž . Ž .H c sŽ .t1
where  depends only on p,  , and on the initial data.
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We are at this point able to estimate, for  0 and t t ,1
2Bu tŽ . 2HŽ .2 p1  2F t  1 t  B u t .Ž . Ž . Ž . Hž /c tŽ .
 Ž . Ž .  Ž .Indeed, using c t c t  p 2 p 1 and t t , we easy get1
2Bu tŽ . H Ž .2 p1 F t  1 tŽ . Ž .
c tŽ .
2 2Ž .2 p1 1 2 1 t B u t .Ž . Ž . Hp 1
Ž . Ž .Then by 2.6  2.1 , we have for some  depending only on p,  , and the1
initial data,
1F t    F t 
 t t ,Ž . Ž .1 12
Ž .which gives immediately the inequality 1.5 .
Now we prove Theorem 1.5.
For the first inequality we only remark that, since A is coercive, we can
 
use exactly the same proceeding as was used in 13 .
Ž .To prove the second one we can proceed as in proof of 1.5 in Theorem
1.4, choosing t  2p 1: the only difference is that in this case we can1
Ž .now take  1 p p  .
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